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This contribution focuses on stress tracking in slender structures. The axial stress dis-
tribution of a linear elastic bar is investigated, in particular, we seek for an answer to the
following question: in which manner do we have to distribute eigenstrains, such that the
axial stress in a bar is equal to a certain desired stress distribution, despite external forces
stress function, smart actuators, such as piezoelectric actuators, are needed to realize
eigenstrains. Based on the equation of motion and the constitutive relation, which relate
stress, strain, displacement and eigenstrains, an analytical solution for the stress tracking
problem is derived. The starting point for the derivation of a solution for the stress
tracking problem is a semi-positive deﬁnite integral depending on the error stress which
is the difference between the actual stress and the desired stress. Our derived stress
tracking theory is veriﬁed by two examples: ﬁrst, a clamped–free bar which is harmo-
nically excited is investigated. It is shown under which circumstances the axial stress
vanishes at every location and at every time instant. The second example is a support-
excited bar with end mass, where a desired stress proﬁle is prescribed.
& 2016 The Authors. Published by Elsevier Ltd. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Engineering mechanics is the discipline that calculates the displacements, strains and stresses, which are caused by a
given set of loadings. These imposed loadings can be divided into body forces, surface tractions or imposed boundary
excitations. In the dynamic case, initial conditions may be regarded as additional disturbances for the deformations of elastic
bodies. These systems are fully described by partial differential equations and proper initial and boundary conditions.
Within the framework of a linear theory of elasticity, the reader is referred to Hetnarski and Ignaczak [1], Gurtin [2], Lurie
[3] and Ziegler [4].
For the development of control methods, sensing and structural health monitoring, piezoelectric transducers are well-
established devices, see e.g. Moheimani and Fleming [5]. Classical review works on this subject are given by Crawley [6], Miu
[7] and Tzou [8]. Recently, driven by the technological developments in the ﬁeld of piezoelectricity, we ask how to design an
actuating piezoelectric control device, so that a certain stress ﬁeld is obtained. In other words, the spatial distribution and
the transient actuation of a control piezoelectric device need to be computed, so that a certain desired stress distribution is
obtained. If a mathematical model of a given dynamical system is available, an inversely posed problem needs to be solved:
one asks for the control actuation in order to track a certain stress ﬁeld. A very similar scope of work has been of interest for
control engineers in the last years, where the goal was that a ﬂexible system should follow a certain displacement ﬁeld.ier Ltd. This is an open access article under the CC BY-NC-ND license
.
choeftner), hans.irschik@jku.at (H. Irschik).
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structure should vanish, or at least the motion should be manipulated in such manner that the displacements or the
vibrations at speciﬁc locations are zero. An extensive literature review on this topic is presented by Irschik [9]. Shape control
belongs to the class of feed-forward control methods and is an inversely posed problem: one asks for piezoelectric control
eigenstrains, so that the system behaves in a desired way. When regarding the converse piezoelectric effect as a possible
source for eigenstrain, this means the determination of the voltages in the piezoelectric transducers. The notions eigenstrain
or eigenstress are neologisms that were ﬁrst introduced by Mura [10]. Eigenstrain denotes non-elastic strains such as initial
strains and plastic strains, but also expansions due to the thermal or the piezoelectric effect.
As already mentioned, shape control or tracking problems are inversely posed mathematical problems, where even
linear systems might have no solution, one solution or several solutions. A simple example without solution is a clamped–
clamped beam with a constant distribution of the piezoelectric layer: vibrations of this beam will not occur, if an electric
voltage is applied across the electrodes, see Hubbard and Burke [11]. Depending on the kinematical boundary conditions
and the number of redundancies, inﬁnitely many constant or linear layer distributions may exist for statically indeterminate
beams, which do not inﬂuence the motion of the structure. These distributions are also called nil-potent shape functions,
see Irschik et al. [12,13]. The notion shape control was introduced by Hafka and Adelman [14] by imposing a certain
temperature ﬁeld working as an actuation mechanism to avoid deformations caused by external disturbances. For slender
piezoelectric beams, force induced vibrations are annihilated, if the quasi-static bending moment of the smart control
devices is equal, but sign-reversed to the quasi-static moment caused by the external forces, see Irschik et al. [13]. This result
was experimentally veriﬁed by Nader [15]. Irschik and Pichler et al. [16] showed that the distribution of the actuating stress
has to be equal to the statically admissible stress in order to avoid vibrations of linear elastic structures. An innovative static
and dynamic shape control method of a cantilever beam was performed in Schoeftner et al. [17]. The displacements and/or
structural oscillations at several locations along the beam were nulliﬁed by tuning the necessary patch voltage with a
resistive circuit network. The experimental setup ﬁnally proved the theory. Further applications of shape control include the
following: Austin et al. [18] designed and constructed adaptive wings, which included actuators to minimize the aero-
dynamic performance. Agrawal and Treanor [19] minimized a quadratic cost function of an unloaded cantilever, which
contains the error between desired and achieved static deﬂection, to obtain the best locations for the piezoceramics
actuators. Krommer and Varadan [20,21] studied the control of the motion of certain subdomains of thin plates by applying
a suitable distribution of the piezoelectric actuation. The idea of shape control for beams was extended for passive struc-
tures in case of time-harmonic disturbances, see Schoeftner and Irschik [22,23].
To the best knowledge of the present authors, stress tracking or stress annihilation has been rarely treated in such a
systematic way as displacement tracking or shape control. Mechanical stress is understood as the driving factor for the
collapse, material fatigue and damage of structures, if a certain stress level is exceeded. In Irschik [24] it has been discussed
how to obtain a certain stress ﬁeld by prescribing the local and temporal control actuation in order to achieve a certain
stress or displacement tracking ﬁeld. A link between shape control and stress tracking is given in Irschik et al. [25]: by
means of a three-dimensional formulation and taking into account eigenstrain actuation and an arbitrary external load, it
was found that the stress distribution in a body, where the displacements are completely annihilated by eigenstrain
actuation, is equal to the quasi-static stress distribution caused by the external load.
In this contribution we focus on stress tracking of a slender bar. Our paper is organized as follows: after recalling the
fundamental relations, such as the equations of motion and the constitutive relations of slender bar, we derive the differ-
ential equation of the stress (¼partial differential equations in terms of the axial stress) in Section 2. In Section 3 we deﬁne
the error displacement and the error stress. These are the differences between the actual and the desired displacement and
stress. A semi-positive deﬁnite time-dependent integral is deﬁned, which contains the squares of the derivatives of the error
stress with respect to the time and the spatial coordinate. By showing that the time-derivative of this integral is zero, one
ﬁnds conditions for the control eigenstrain depending on the imposed forces and on the desired stress. Finally, in Section 4,
two examples are presented which illustrate our derived control feed-forward control algorithm. First we show under
which conditions the force induced stress of a clamped–free bar can be annihilated. Then we realize a desired stress dis-
tribution of a support-excited bar with an attached mass by proper control actuation of the piezoelectric transducer.2. Stress tracking problem of a piezoelectric bar
The simplest form of the equations of motion of a bar, within the framework of the one-dimensional linear theory of
elasticity, can be written as, see Ziegler [4]
ρ €uðx; tÞ ¼ bðx; tÞþσ;xðx; tÞ; (1)
where ρ is the density and σ and u are the axial stress and the axial displacement, respectively. The axial coordinate is x, and
t stands for the time. The spatial and the time derivatives are denoted by ð…Þ;x and _ð…Þ, respectively. We consider only small
deformations of some solid body, so we are within the framework of the linear theory of elasticity. This structure is sub-
jected to the generally transient force loading bðx; tÞ. Considering a thermomechanical, a piezoelectric or an elastomagnetic
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σðx; tÞ ¼ C εðx; tÞεcðx; tÞ½ : (2)
The axial strain ε¼ u;x and the elastic modulus on beam level is denoted as C. The eigenstrain is denoted by εc, see Mura
[10]. In the following, εc is used as a control input, in order to solve the stress tracking problem. Combining Eqs. (1) and (2)
the hyperbolic partial differential equation reads
ρ €uðx; tÞCu;xxðx; tÞ ¼ bðx; tÞCεc ;xðx; tÞ: (3)
Initially, at time t¼0 the displacement and the velocity ﬁeld are given by uðx;0Þ ¼UðxÞ and _uðx;0Þ ¼ VðxÞ, respectively. Taking
into account the geometric (or kinematic) boundary conditions at ∂Bu and the natural (or dynamic) boundary conditions at
∂Bσ
∂Bu: uðx; tÞ ¼ u0ðtÞ
∂Bσ : σðx; tÞ ¼ σ0ðtÞ (4)
an analytical or a numerical solution of Eq. (3) can be obtained as a function of time t and place x.
In order to derive the stressed-based differential equation, Eq. (2) is differentiated twice with respect to t, yielding
€ε x; tð Þ ¼ €u ;x x; tð Þ ¼ €εc x; tð Þþ
1
C
€σ x; tð Þ: (5)
Differentiating the equations of motion (1) with respect to x and using Eq. (5), the partial differential equations for the stress
read
Cσ;xxðx; tÞ ¼ ρ €σ ðx; tÞþC €εcðx; tÞ½ Cb;xðx; tÞ: (6)
We see that the reformulation of the governing equations of motion yields a hyperbolic partial differential equation for
σðx; tÞ. In order to derive a solution, initial conditions and boundary conditions have to be prescribed.3. Problem statement, error dynamics and stress tracking conditions
The goal of the present paper is to derive conditions in order to manipulate the stress ﬁeld σðx; tÞ. It has been already
discussed above that piezoelectric control devices are popular candidates to control the deformation of a ﬂexible system.
Here, we ask if it is possible to prescribe a desired stress ﬁeld within the bar. The corresponding problem is called stress-
tracking problem.
We introduce the error stress σe as
σe ¼ σf þσcσd; (7)
where the desired stress is denoted by σd. The variables σf and σc are the additive decomposition of the stress due to the
imposed force and the control eigenstrain, respectively. In a similar manner the error displacement ue is split up into the
actual displacement (¼the disturbance uf and the control force uc) and the desired displacement ud
ue ¼ uf þucud: (8)
For the derivation of conditions for stress tracking we deﬁne the following integral over the length of the bar:
Iσ tð Þ ¼
Z
x
1
ρ
σ2e;xþ
1
C
_σ2e
 
dx: (9)
This integral is a semi-positive deﬁnite integral since it holds ρ40 and C40. It was introduced by Hetnarski and Ignaczak
[1] for checking the uniqueness of the dynamic tracking boundary problem in a three-dimensional setting, using total
stresses. A three-dimensional counterpart has been introduced in the present context in Irschik et al. [25]. Here we are
interested in a vanishing error stress at every time instant σeðx; tÞ ¼ 0: if we can show that IσðtÞ ¼ 0 holds, it follows that the
error stress and its time-derivative also have to vanish. We will demonstrate this by the following two steps:
 First step: we show that the integral (9) is time-independent _IσðtÞ ¼ 0-IσðtÞ ¼ Iσð0Þ.
 Second step: we intend to nullify the error stress σeðtÞ at every time-instant t and at every location x. Consequently, the
spatial and temporal derivatives at t¼0 read σe;xðx;0Þ ¼ _σ eðx;0Þ ¼ 0, causing that according to Eq. (9) Iσð0Þ ¼ 0 holds.
3.1. First step (show that _IσðtÞ ¼ 0)
In the ﬁrst step we differentiate Eq. (9) with respect to time, ﬁnding that
_IσðtÞ
2
¼
Z
x
1
ρ
σe;x _σ e;xþ
1
C
_σ e €σ e
 
dx: (10)
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1
ρ
σe;x _σ e;x ¼
1
ρ
σe;xx _σ eþ σe;x _σ e
 
;x
h i
: (11)
Inserting Eqs. (6), (7) and (11) into (10) one ﬁnds
_IσðtÞ
2
¼
Z
x
1
ρ
bþσd;x
 
;x
1
C
€σd €εc
 
_σ edxþ
Z
x
1
ρ
σe;x _σ e
 
;xdx: (12)
Note that the integral containing €σ e in Eq. (10) has canceled out. The second term on the right-hand side in Eq. (12) follows
to
Z
x
1
ρ
σe;x _σ e
 
;xdx¼
1
ρ
σe;x _σ f þ _σ c _σd
 
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
¼ _σ e see Eq: 7ð Þ
2
64
3
75
						
∂Bσ
þ _σ e 
1
ρ
bþσd;x
 þ €uf þ €uc 
 
|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
¼ σe;x=ρ see Eqs: 1ð Þ; 7ð Þ; 8ð Þ
				
∂Bu
: (13)
Finally the time-derivative of the positive deﬁnite integral equation (12) becomes
_IσðtÞ
2
¼
Z
x
1
ρ
bþσd;x
 
;x
1
C
€σd €εc
 
_σ edxþ1ρ σe;x _σ f þ _σ c _σd
 
 		
∂Bσ
þ _σ e 1ρ bþσd;x
 þ €uf þ €uc 
 				
∂Bu
: (14)
As it can be seen from (14), the integral (9) is constant in time, if the following conditions are guaranteed by the control
input €εc:
€εc ¼
1
ρ
bþσd;x
 
;x
1
C
€σd; (15)
and if the following relations hold at the geometric (kinematic) and/or natural (dynamic) boundaries
∂Bσ : _σ c ¼  _σ f þ _σd (16)
∂Bu: €uc ¼  €uf þ
1
ρ
bþσd;x
 
: (17)
The ﬁnal solution of the control eigenstrain εc in Eq. (15) is obtained by integrating twice with respect to time, from which
follows that
εc ¼∬
1
ρ
bþσd;x
 
;x
 
dtdt1
C
σdþK1 xð ÞtþK0 xð Þ: (18)
The determination of the integration functions K0ðxÞ;K1ðxÞ is also treated in Section 3.2.
3.2. Second step (show that Iσð0Þ ¼ 0)
Substituting Eqs. (2) and (7) into Eq. (9), one ﬁnds that
Iσ 0ð Þ ¼
Z
x
1
ρ
Cuf ;xxðx; tÞþCuc;xxðx; tÞCεc ;xðx; tÞσd;xðx; tÞ

 2dxjt ¼ 0
þ
Z
x
1
C
C _uf ;xðx; tÞþC _uc;xðx; tÞC _εcðx; tÞ _σdðx; tÞ

 2dxjt ¼ 0: (19)
If the control initial data is chosen such that
t ¼ 0: Cuc;xðx;0ÞCεcðx;0Þ ¼ Cuf ;xðx;0Þþσdðx;0Þ
C _uc;xðx;0ÞC _εcðx;0Þ ¼ C _uf ;xðx;0Þþ _σdðx;0Þ; (20)
then one observes that Iσð0Þ ¼ 0 in Eq. (19) and, consequently, the error stress σeðx; tÞ is zero at every time instant t and every
location x. By prescribing the initial conditions of the problem (i.e. uðx;0Þ ¼UðxÞ ¼ ucðx;0Þþuf ðx;0Þ and
_uðx;0Þ ¼ VðxÞ ¼ _ucðx;0Þþ _uf ðx;0Þ) and the desired initial stress distribution (i.e. σdðx;0Þ and _σdðx;0Þ), the initial values of the
control input data εcðx;0Þ; _εcðx;0Þ are known from Eq. (20), and so also the x-dependent functions K0ðxÞ;K1ðxÞ can be
determined from Eq. (18).4. Examples – controlling the axial stress of a bar
In this section we verify our stress-control conditions (15)–(17) by studying two examples. A piezoelectric bar is con-
sidered, where we assume that the transverse piezoelectric constant e31 is responsible for the axial eigenstrain, it holds
εcðx; tÞ ¼ e31Ezðx; tÞ=C. The electric ﬁeld in the z-direction is given by the ratio of the electric voltage Vðx; tÞ and the thickness
Fig. 1. (a) A piezoelectric clamped–free bar which is force-excited by bðx; tÞ. (b) A piezoelectric support-excited bar with uð0; tÞ ¼ u0ðtÞ ¼ BðαtÞ3eαt .
Table 1
Parameters for the numerical examples.
Variable (unit) Value Description
ρ kg m3
 
7750 Density
h mð Þ 8.00 104 Thickness
b mð Þ 5.00 102 Width
e31 A s m2
  10:94 Piezoelectric modulus
C N m2
 
6.29  1010 Young's modulus
MðkgÞ 10 End mass
l mð Þ 0.8 Length
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of the applied voltage by using so-called moderately conductive electrodes.
First, a clamped–free bar (Fig. 1a) is treated in Section 4.1, where the mechanical stress due to the force load is required to
vanish. At the end of the chapter numerical results are shown if the stress control condition at the clamped end is not
perfectly fulﬁlled. In Section 4.2, a bimorph bar with end mass is considered (Fig. 1b) whose motion at the left end is
prescribed. Numerical results are given for three different support excitation proﬁles.
The geometrical and material parameters for the piezoelectric two-layer bar are given in Table 1. For the simulation, the
wave equation (3) of the bar is discretized in 50 ﬁnite elements (FE). As interpolation functions for the displacement of the
elements, linear ansatz functions are used, see e.g. Bathe [27]. For the stress-controlled case, the accuracy of our numerical
approach can be easily tested by comparing the analytical displacement and the stress at several locations (for example 1
(Section 4.1) see Eqs. (28) and (27) and for example 2 (Section 4.2) see Eqs. (33) and (35)).
4.1. Example 1: clamped–free piezoelectric bar (Fig. 1a)
For this conﬁguration our goal is that the desired stress should vanish at every point and at any time: σdðx; tÞ ¼ 0. The
distributed external force is considered in the form
b x; tð Þ ¼ K 1x=lβ 1x
2
l2
  
ω2 cos ωtð Þ; (21)
where β is considered as an arbitrary parameter.
4.1.1. Conditions for zero-stress σdðx; tÞ ¼ 0
Two conditions at the boundaries, see Eqs. (16) and (17), need to be satisﬁed for stress control. Since no single external
force acts at the right end x¼ l, see Eq. (16), it holds
_σ cðl; tÞ ¼  _σ f ðl; tÞ ¼ 0 (22)
At the clamped end x¼0, Eq. (17) is only true if the condition β¼ 1 holds:
1
ρ
b 0; tð Þ ¼ K
ρ
1β ω2 cos ωtð Þ ¼ 0 for β¼ 1: (23)
For βa1 the external force does not vanish bð0; tÞa0, i.e. the stress level does not vanish at the clamped end. Taking into
account the initial conditions
uðx;0Þ ¼ _uðx;0Þ ¼ 0; (24)
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εc x; tð Þ ¼
K
ρl
2βx=l1  cos ðωtÞ1ð Þ: (25)
4.1.2. Proof for zero-stress σdðx; tÞ ¼ 0 if β¼ 1
Inserting the force load bðx; tÞ and the control eigenstrain εcðx; tÞ from Eq. (25) into the equations of motion (3), one ﬁnds
β¼ 1: ρ €u x; tð ÞCu;xx x; tð Þ ¼ K x=lx2=l2
h i
ω2 cos ωtð Þ2CK
ρl2
cos ðωtÞ1ð Þ: (26)
The solution for this problem can be derived by means of Green's functions, see Graff [28, p. 25]. For β¼ 1 and the initial
conditions equation (24), we obtain
β¼ 1: uðx; tÞ ¼ 
K
ρ
x=lx2=l2
 
cos ðωtÞ1ð Þ: (27)
The actual stress follows from the constitutive relations (2) by taking into account Eqs. (25) and (27)
β¼ 1: σðx; tÞ ¼ C u;xðx; tÞεcðx; tÞ

 ¼ 0; (28)
which veriﬁes our goal to nullify the stress distribution. The case βa1 does not yield a stress-free solution, in contrast to
(28). This reveals a major limitation of our stress suppression method: by means of eigenstrain actuation it is not possible to
achieve an arbitrary stress level at kinematic boundaries. In our case, a vanishing stress at the kinematic boundary is only
possible for β¼ 1, which means that the imposed force bðx; tÞ vanishes at x¼0, see Eqs. (21) and (23).
4.1.3. Numerical results for β¼ 1, β¼ 0:95 and β¼ 0:9
The variable K ¼ 1 kg s2, all other parameters can be found in Table 1. The excitation frequency is f ¼ 100 Hz and the
ﬁrst eigenfrequency of the system reads f 1 ¼ 887:5 Hz. Fig. 2 shows the axial stress at x¼ fl=20; l=2;4l=5g, if the variable β is
1 (Fig. 2a and d), 0.95 (Fig. 2b and e) and 0.9 (Fig. 2c and f). Fig. 2a, b and c is denoted as controlled conﬁgurations, because
the eigenstrain condition equation (25) is applied. In Fig. 2d, e and f, the eigenstrain is absent (εc ¼ 0, uncontrolled cases).Fig. 2. Stress distribution at three locations ðx¼ fl=20; l=2;4l=5gÞ for the clamped–free bar with control (εc chosen according to Eq. (25) for β¼ f1;0:95;0:9g,
a, b, c) and without control action (εc ¼ 0 for β¼ f1;0:95;0:9g, d, e, f).
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β¼ 1 (Fig. 2a) the stress becomes zero at all locations and at every time instant in the controlled case, because Eq. (23) is
also fulﬁlled. For β¼ 0:95 and β¼ 0:9, the eigenstrain condition in Eq. (25) is applied, but the condition at the clamped end,
Eq. (23), is now violated. For β¼ 0:95, the stress level turns out to be also considerably reduced in comparison to the
uncontrolled bar, see Fig. 2b and e. For β¼ 0:9 (Fig. 2c and f), however, the results for the controlled and the uncontrolled
bar are almost indistinguishable. The example shows clearly the necessity of satisfying the conditions given in Eqs. (22), (23)
and (25) simultaneously in order that a complete stress suppression becomes possible. One observes that if β is close to 1
(e.g. 0:95oβo1:05), our stress control strategy still works quite well and yields suboptimal solutions. The question, if
approximate solutions of Eq. (25) (i.e. if a spatial discretization is necessary due to practical reasons) as well as solutions, in
which only Eq. (22) or (23) are not met, yield similar results, is left to a future investigation.4.2. Example 2: piezoelectric bar with prescribed boundary motion (Fig. 1b)
Next, we consider the case of a straight, homogeneous elastic bar with an end mass at the right end M. The left end is
kinematically excited by
u 0; tð Þ ¼ u0 tð Þ ¼ BðαtÞ3eαt with B¼
e3
27
 0:0005: (29)
From the kinematic boundary condition (17) one ﬁnds
€uf ð0; tÞþ €ucð0; tÞ|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
€uð0;tÞ ¼ €udð0;tÞ
¼ 1
ρ
σd;x 0; tð Þ: (30)
From the free-body diagram (see Fig. 1b), one ﬁnds from Newton's law for the end-mass
M €udðl; tÞ ¼ σdðl; tÞA: (31)
Taking into consideration the equations of motion of the bar ρ €udðl; tÞ ¼ σd;xðl; tÞ at x¼ l, which relates the desired stress to the
desired acceleration, one ﬁnds from Eq. (31) a condition between the desired stress and its derivative with respect to x
M
ρA
σd;x l; tð Þ ¼ σd l; tð Þ: (32)Fig. 3. (a) Transient support-excitation proﬁle and (b) its Fourier transform, see Eq. (29), for various values of α. (c) and (d) The desired stress is separable in
space and time σdðx; tÞ ¼ gðxÞρ €u0ðtÞ. The acceleration €u0ðtÞ is given by Eq. (29). (For interpretation of the references to color in this ﬁgure caption, the reader
is referred to the web version of this paper.).
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σd x; tð Þ ¼ l
x
l
3x
2
l2
þ3x
3
l3
x
4
l4
 
ρ €u0 tð Þ: (33)
4.2.1. Conditions and proof for stress-tracking
Assuming trivial initial conditions uðx;0Þ ¼ _uðx;0Þ ¼ 0, the necessary eigenstrain is evaluated from Eqs. (18) and (20),
yielding
εc x; tð Þ ¼ 6l þ18
x
l2
12x
2
l3
 
u0 tð Þ l
x
l
3x
2
l2
þ3x
3
l3
x
4
l4
 
ρ
C
€u0 tð Þ: (34)
The analytical solution for the displacement can be derived in a similar manner as for the ﬁrst example (see Section 4.1, i.e.
by inserting (34) into the equations of motion (3)). It reads
u x; tð Þ ¼ 16x
l
þ9x
2
l2
4x
3
l3
 
u0 tð Þ: (35)
Substituting (34) and (35) into the constitutive relation (2), one ﬁnds that the actual stress is equal to the desired stress
given by Eq. (33).
4.2.2. Numerical simulation of the controlled and uncontrolled case
The support excitation (29) and its Fourier transform are shown in Fig. 3a and b. Simulations are performed for three
different values of the parameter α:
 for the quasi-static case (blue, α¼ 250 s1),
 for the dynamic case (black, α¼ 2500 s1), and
 for the highly dynamic excitation (red, α¼ 12;500 s1).
The eigenfrequencies of our system are f 1 ¼ 88:7 Hz, f 2 ¼ 1779:7 Hz and f 3 ¼ 3554:5 Hz. The Fourier transform of the
excitation is shown in Fig. 3b (gray dash-dot lines). This also demonstrates that the low-frequency excitation, which is called
the quasi-static excitation, (blue curve) does not really excite the higher modes. In contrast, the highly dynamic excitation
(red) also excites most of the higher eigenmodes, so it is expected that wave propagation phenomena will be observed for
this case.
The stress distribution σðx; tÞ and the displacement uðx; tÞ at x¼ l=20¼ 0:04 m (close to the support excitation), at
x¼ l=2¼ 0:4 m (middle of the bar) and at x¼ 4 l=5¼ 0:64 m (close to attached mass) are shown in Figs. 4–6. Furthermore,Fig. 4. Quasi-static excitation α¼ 250: (a) and (c) stress distribution and (b) and (d) displacement at three locations ðx¼ fl=20; l=2;4l=5g) for the support-
excited bar with control (εc chosen according to Eq. (34)) and without control ðεc ¼ 0Þ.
Fig. 5. Dynamic excitation α¼ 2500: (a) and (c) stress distribution and (b) and (d) displacement at three locations ðx¼ fl=20; l=2;4l=5gÞ for the support-
excited bar with control (εc chosen according to Eq. (34)) and without control ðεc ¼ 0Þ. (For interpretation of the references to color in this ﬁgure caption,
the reader is referred to the web version of this paper.)
Fig. 6. High-frequency excitation α¼ 12;500: (a) and (c) stress distribution and (b) and (d) displacement at three locations ðx¼ fl=20; l=2;4l=5gÞ for the
support-excited bar with control (εc chosen according to Eq. (34)) and without control ðεc ¼ 0Þ.
J. Schoeftner, H. Irschik / Journal of Sound and Vibration 383 (2016) 35–45 43the tensile stress for non-preloaded PZT ceramics is provided by the manufacturer PI and reads 2:5 107 N=m2, see [29].
This is approximately 10% of the maximum compressive pressure limit.
4.2.3. Quasi-static excitation α¼ 250 s1 (case 2a)
Fig. 4 shows the result when the support excitation hardly induces any high-frequency dynamics (see Eq. (29) with
α¼ 250 s1). The curves on the left (Fig. 4a and b) show the stress and the displacement when our control method is
activated (control on: εcðx; tÞ according to (34)), those on the right (Fig. 4c and d) the results when control is deactivated
(control off: εcðx; tÞ ¼ 0). Fig. 4a shows the stress proﬁle as desired in Eq. (33). It is noted that our numerical FE solution only
slightly deviates from the analytical solution (e.g. at t ¼ 0:00932 s one ﬁnds σanaðl=2; tÞ ¼ 5418 N=m2 and
σnumðl=2; tÞ ¼ 5390 N=m2, so the numerical solution can be considered as a reliable solution which is very close to the
J. Schoeftner, H. Irschik / Journal of Sound and Vibration 383 (2016) 35–4544exact ones, see Eq. (33) for the stress and Eq. (35) for the displacement). The order of magnitude of the stress levels of the
controlled and the uncontrolled conﬁgurations is 1:1000, i.e. our desired stress tracking proﬁle means approximately zero
stress compared to the uncontrolled bar.
For the displacement (Fig. 4b and d) one observes that the deﬂections at the middle and at the attached mass for the
stress-controlled bar are opposite in sign to the displacement of the uncontrolled case, i.e. the elastic strain is much higher
for the stress-controlled bar although the stress is comparatively low. For the uncontrolled case one observes undamped
superimposed vibrations with an amplitude of about 0:1 mm relative to the prescribed support deﬂection.
4.2.4. Dynamic excitation α¼ 2500 s1 (case 2b)
Fig. 5 shows the result for α¼ 2500 s1. If the control action is turned off, one observes that the ﬁrst and the second
eigenmode of the system are excited, see Fig. 5b and d. The stress amplitude is 3:75 107 N=m2 and exceeds the level of the
maximum tensile stress (see green dashed line in Fig. 5c). This is also much higher than the stress for the controlled bar,
which follows the desired stress proﬁle equation (33). A comparison of the order of the maximal stress levels (maximum
stress at t  0:2 ms is 9:4 105 N=m2) yields that the stress level between controlled and uncontrolled bar is 1:40. From a
practical point of view this means that zero-stress control is performed.
4.2.5. High-frequency excitation α¼ 12;500 s1 (case 2c)
Fig. 6 shows the result for α¼ 12;500 s1, which is the high-frequency excitation. For the uncontrolled bar one observes
the typical wave propagation phenomena: it can be observed that the time Δt  2l=c 0:5618 103 s goes by so that the
stress impulse leaves the end of the support excitation (x¼0), then it is partially reﬂected by the attached mass at x¼ l and
ﬁnally arrives again at the other end, see Graff [28] for an explanation of this phenomenon. At t ¼ 0:7 ms the maximum
absolute stress is 1:43 108 N=m2, see Fig. 6c, but also the maximum tensile stress is higher than the stress limit 2:5
107 N=m2 and thus several times higher than for the controlled case (maximum stress at t  0:04 ms is 2:25 107 N=m2, see
Fig. 6a).5. Conclusion
In this contribution analytical relations are derived to control the longitudinal stress of thin elastic bars. This task is
denoted as stress-tracking. Based on a one-dimensional formulation of linear elasticity and the consideration of an
eigenstrain source as control agency, the partial differential equations for the axial stress are derived. Promising candidates
for eigenstrains are either magnetoelastic, thermoelastic or piezoelectric effects. In the ﬁrst step a semi-positive deﬁnite
time-dependent integral is deﬁned, with the time-derivation and the gradient of the error stress as input variable. The error
stress is the difference between the actual stress and the desired stress. Taking into account the partial differential equation
for the stress, the constitutive relation and the applied external force load, it is found that three conditions need to be
fulﬁlled in order to achieve a desired stress distribution, or to annihilate the error stress at every time instant and at every
location. Our theory is veriﬁed by two examples, analytically as well as numerically: a clamped–free bar and a support-
excited bar with end mass are considered and it is shown that the stress tracking theory yields excellent results for the
problems under consideration.Acknowledgement
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